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2 Alvaro Domnguez: Dark-matter velocity dispersion in N-body simulations
Fig. 1. Typical log-log scatter plot of the trace of the ve-







setting the particle mass m = 1) vs the number of parti-
cles. The data correspond to the CDM model at redshift
z = 0 with a smoothing length L = 4:55 h
 1
Mpc.
help of theoretical arguments in Sec. 4. Finally, a brief
mathematical discussion of some topics required in the
main text are collected in the Appendix.
2. Method
The analyzed CDM simulations were performed by The
Hydra Consortium (Couchman et al., 1995) using the
AP
3
M algorithm. They consist of a cubic box (periodic
boundary conditions) of side length 100 h
 1
Mpc at the
present epoch, containing N = 86
3
particles. Two dif-







= 0:0, h = 0:81, 
8
= 1:06,   = 0:25,











h = 0:96, 
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three times, corresponding to redshifts z = 0, 1:4, 3:6.
The hydrodynamic formulation can be derived by
means of a coarsening procedure (Domnguez, 2000).
Given a comoving smoothing scale L, the coarse-grained
mass density, velocity and velocity dispersion elds are








































(t)   u(x; t)]
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( is a second-rank tensor). Here, a(t) denotes the ex-




represent the comoving position and peculiar velocity, re-
spectively, of the -th particle, andW () is a (normalized)
smoothing window.







vided by the simulation, the denitions (1) were imple-
mented with a cubic top-hat window,




j) (1   2jz
3
j); (2)
where () is the step function. In total 13 dierent values
of L were explored, spanning the range from 0:6 h
 1
Mpc
up to 20 h
 1
Mpc and equally separated in a logarithmic
scale. For each value of L, a minimum (corresponding to
the largest L) of 2  10
4
randomly centered, non empty
coarsening cells were probed.
The velocity dispersion tensor 
ij
(x) was studied as a
function of the density %(x), or equivalently, of the number
of particles contained in the cell at x, namely n(x) =
[(aL)
3
=m]%(x). For the purposes of this work, it suÆced
to consider the three eigenvalues 
i
of the tensor , or
better, its three principal scalar invariants:
I
1









































is the peculiar kinetic energy per
unit volume due to the motion of the particles relative
to the cell center of mass. The quantity p = (1=3)I
1
thus
corresponds to a kinetic pressure. The other two invariants
can be related to the degree of anisotropy of the tensor .





















= p. I show in the Appendix that 0  ;   1, and
they vanish if and only if  is isotropic. Moreover, it fol-
lows from its denitions that   3 for small anisotropy.
To check that this smoothing algorithm was right, it
was applied to an ideal gas simulation. The results for the
dependence of the kinetic pressure p and the anisotropy
parameters ,  on n agree with the predicted relation-
ships (see the Appendix).
In the next Section I also discuss how the results de-
pend on the smoothing details (e.g., on the choice of the
window (2)). I anticipate that the conclusions to be ex-
tracted are robust.
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Fig. 2. Binned log-log plot of the trace of the velocity dispersion tensor (same units as Fig. 1) vs the number of particles
for the CDM model. The error bars correspond to the estimated 1- variance. On the left, for three redshifts (from
top to bottom, z = 0, 1:4, 3:6) at a xed smoothing length L = 4:55 h
 1
Mpc. On the right, for three smoothing scales
(from top to bottom, L = 1:41, 4:55, 8:33 h
 1
Mpc) at a xed redshift z = 1:4. The solid line corresponds to the t (6),




The results concerning the three invariants as a function
of the particle number are qualitatively the same in the
whole range of smoothing scales and times explored, and
for the two cosmologicalmodels OCDM and CDM. Fig. 1
is a typical example of a I
i
vs n scatter plot. The data sug-
gest a polytropic relationship between the scalar invariants
and n, more and more acurate for larger n. Hence, it ap-
pears that the increasingly larger scatter for smaller parti-
cle numbers is mainly due to the discrete character of the
variable n. To eliminate this noise, the log-log plots of the
raw data were binned into 40 subintervals on the n-axis:
this eectively means averaging the scalar invariants for
dierent xed values of n and provides also an estimate of
the variance. This scatter is in fact the main source of er-
ror in the parameters  and  of the t (6). Fig. 2 collects
a set of representative cases after implementation of this
procedure, where the advocated polytropic dependence is
evident. To be sure that this averaging method does not
introduce articial features, the analysis was repeated by
varying the number of bins, from 10 up to the limiting
case in which each possible value of the discrete variable
n is treated as a bin. The conclusions are robust and the
results do not depend on the amount of binning. (Changes
of the number of bins within this range induce variations
in the best-t parameters  and  which are well within
the error region in Fig. 4). The choice of 40 bins is a good
compromise that eÆciently discards the noise but still pre-
serves the relevant features of the I
i
-n relationship.
Another check probed the inuence of the choice of
smoothing window. Since the eigenvalues 
i
are the sum
of a large number of positive contributions, that is, they
are \extensive quantities", it can be expected that they
will be rather insensitive to the details of the window
boundary. And indeed this is so, the only dierence being
a consequence of the discrete nature of n. Fig. 3 shows
the typical result after using three dierent smoothing
windows: a cubic top-hat, Eq. (2), a spherical top-hat,
W (z) = (1   (4=3)
1=3
jzj), and a Gaussian, W (z) =
exp( jzj
2
). The windows are normalized to unity and
give the same weight (=1) to the origin: the compari-
son is then straightforward. The cubic and spherical top-
hat windows yield indistinguishable results, demonstrat-
ing that window anisotropy is not relevant (this could also
be expected, see the last paragraph in this Sec.). The
Gaussian smoothing also gives similar results, but now
a slight dierence in the small-n end is observed, because
the discreteness of n implies (i) that  = 0 if n = 1 for the
top-hat windows and (ii) that for small n,  is dominated
by far contributions from the Gaussian tails. However, as
discussed later, the discreteness constraint  = 0 if n = 1
for a top-hat window can be taken into account in a sim-
ple manner and indeed the polytropic t (6) holds very
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Fig. 3. Log-log plot of the trace of the velocity dispersion
tensor vs the number of particles, computed with three
dierent smoothing windows. The data correpond to the
CDM model, z = 0, L = 3:45 h
 1
Mpc.
well even for n  1. Hence, the cubic top-hat window was
selected, because it is also most easily implemented.
A nal check, carried out only for the particular time
z = 0, was to restrict the coarsening procedure to a sub-
volume of the simulation box (1/64 of the total volume),
so as to nd out to what extent the results are exclusive
of the simulation volume of 100 h
 1
Mpc side length: as
expected, the quality of the ts are slightly worse because
of the reduced number of particles, but the conclusions
remain the same.
As exemplied by Fig. 2, one nds a well dened rela-
tionship between I
1
and n, in which three dierent behav-




for n larger than a certain value n
c
, a bending upwards for
1 < n < n
c
, and nally a bending downwards for n close
to 1 (due to the constraint  = 0 if n = 1). The value of
n
c
increases with the redshift and the smoothing length.
An estimate of the function n
c












is the average particle number in a cell of comoving
side length L (h
 1
Mpc), and F (z) is a mild function of the
redshift, F = 1 for a redshift z = 3:6 and decreases slowly
for smaller z (F = 0:25 for z = 0). This t for n
c
(L; z)
is conservative in the sense of slightly overestimating n
c
as L decreases, however it is precise enough: Fig. 2 shows
that the polytropic t is in fact still well followed by the
data for a certain range below the chosen n
c
. The best-t
parameters  and  in Eq. (6) are quite insensitive to the
precise value of n
c
. The intermediate range 1 < n < n
c
contains underdense regions (n
c
corresponds to a density
contrast Æ
c
= F (z) 1); the deviations from the polytropic
t may then be a consequence of the shear induced by the
surrounding dense regions
1
. Nonetheless, this failure of the
polytropic relationship is unimportant, being restricted to
ever smaller density constrasts (Æ
c
  0:75 at z = 0).
The binned data in the range n > n
c











The exponent  can be called an \anomalous dimension",
since it represents the departure from the virial ( mean-
eld) prediction (see Sec. 4). The factor n 1 enforces the
discreteness constraint I
1
= 0 for n = 1. This improves
the t on the small-n region in the cases that it extends
down to n  1 and it is also suggested by the simulated
ideal gas: the ideal gas pressure-density relation is still
obeyed with the replacement n! n 1 when the smooth-
ing length is so small that most of the coarsening cells
contain just a few particles. The parameters  and  were
determined by the least-squares method. The t was car-
ried out only when the t range in n spanned at least a
decade (in which case the range in I
1
always extends over
at least two decades); the polytropic t is still consistent
when this condition is not met, but the large errors de-
prive it of signicance. In the best cases, the t range in
n included three decades. The time and smoothing-length
dependences of the parameters  and  for the CDM
model are plotted in Fig. 4. The results for the OCDM
model are very close.




, are also tted
by a polytropic dependence. In fact, it turns out that the
anisotropy parameters  and  computed with the tting
functions are extremely small and n-independent. The rea-
son is that the binned (=averaged) velocity dispersion,
being only a function of the scalar n, must be isotropic.
The anisotropy parameters must be calculated for the raw
data, before binning: Fig. 5 shows a typical  vs n scatter
plot. The plots of the parameter  look similar (in fact,
the relation   3 is a very good approximation already
for   0:1: then, one should rather study, e.g.,    3
to gain non-redundant information). Apart from the large
scatter for small particle number due to the discreteness
of n, there is also an important dispersion even for large n,
because the anisotropy must be determined by something
else than only a scalar. Moreover, unlike the \extensive"
scalar invariants, the anisotropy parameters, being essen-
tially the dierence between eigenvalues, Eq. (A.2), are
more sensitive to the discreteness of n. Thus, the data
quality just allows to conrm that  and  tend to decay
with increasing n but to remain somewhat larger than the
average ideal gas anisotropy, 
ideal
 5=(3n) (see the Ap-
1
I am grateful to M. Kerscher for this remark.
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Fig. 4. Plot of the best-t parameters in Eq. (6) vs the smoothing length for the CDM model at the three times
studied. r
0
is the scale of nonlinearity, Eq. (7). The two lines delimit the estimated 1- error region. The error bars
for  are about the same size as the plot symbols. The virial prediction reads  = 0 and aL = L-independent.
pendix). No signicant dependence (if any) with time and
smoothing length could be detected.
4. Discussion and Conclusion
The simulations show a clear evidence for a polytropic
relationship (6) between the density and the scalar in-
variants of the velocity dispersion tensor. The ts im-
prove with decreasing redshift or smoothing scale; hence
one is lead to view them as a general consequence of the
evolution by gravitational instability. In agreement with
this interpretation, this relationship occurs for both the
CDM and the OCDM models. Thus, it seems that the
existence of the polytropic dependence itself is indepen-
dent of the background cosmological model, which would
perhaps only aect the values of the tting parameters
slightly.
The theoretical explanation of the precise values of the
tting parameters is not evident. Fig. 4 shows that the
function (L; z) can be approximately written in fact as a














= 1; for L = r
0
. (7)





Mpc, respectively for the three considered
redshifts. This property agrees nicely with the evolution
by gravitational instability in a hierarchical scenario. The
points for (L; z) can be made to collapse on a single curve
too if  is also suitably rescaled by a z-dependent factor;
but this must be viewed as pure phenomenology, since no
theoretical explanation for the values of this rescaling fac-
tor could be given.
A theoretical argumentation by Buchert and
Domnguez (1998) provides a polytropic relationship
with a xed 2 +  = 5=3: this is equivalent to the
adiabatic evolution of an ideal gas and was justied
for early times and under restrictive initial conditions.
However, Fig. 4 shows that, precisely in the opposite limit
of nonlinear scales/large times (L < r
0
),  is close to this
\adiabatic value", which even seems to be an asymptote.
But the errors are too large and the probed range of
nonlinear lengths too narrow to draw a rm conclusion.
This attening of (L) suggests another possible ex-
planation of the polytropic relationship. It seems sensible
to hypothesise that, for smoothing lengths L well in the
nonlinear regime, the kinetic energy should be xed by
the virial theorem: if the coarsening cells can be ideal-





be proportional to the potential gravitational energy of
the coarsening cell, which could in turn be estimated as
 G(mn)
2
=aL. This implies immediately a polytropic de-
pendence (6) with 
virial





idealized model was employed to simulate scatter plots as
Fig. 1: the same distribution of particle numbers n but
with I
1
randomly drawn from the condition that the dif-
ferences u

 u in the denition (1) of  are independent,
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Fig. 5. Typical log-log scatter plot of the anisotropy pa-
rameter  vs the particle number. The data correspond
to the CDM model, z = 0, L = 4:55 h
 1
Mpc. The solid
line represents the average anisotropy for a Maxwellian
distribution.
Gaussian distributed random variables with zero mean
and a variance given by the virial theorem. In this way,




was gained. Fig. 4
shows that the best-t values of  and  are close to the
virial predictions for small L, but the deviations, in par-
ticular those of , lie above the 1- level.
The reason for this discrepancy must lie on the as-
sumptions involved: (i) the potential energy should be
dominated by the contribution from the structure on the
scale L and (ii) each coarsening cell should be approxi-
mately isolated and in a relaxed, stationary state, so that
the virial theorem holds. The long-range nature of grav-
ity could perhaps justify assumption (i) even in a hierar-
chical scenario, when the matter distribution is far from
smooth inside the coarsening cells, provided it is not too
diluted either on the scale L. But it cannot be excluded
that the corrections due to the substructure contribute sig-
nicantly to the discrepancy. Assumption (ii) can be easily
violated: the coarsening cells may have a signicant inter-
action with neighboring cells, or be part of a larger virial-
ized halo or contain a bunch of streaming particles far from
any (quasi-)stationary state. As evidence, consider Fig. 3
in (Knebe and Muller, 1999): it is equivalent to my I
1
-n
plots but the points correspond to groups determined by
a friends-of-friends algorithm, rather than by coarsening
boxes of xed side length.What Knebe and Muller iden-
tify as unvirialized groups clearly tend to yield a negative
, in agreement with the trend observed in Fig. 4. There-
fore, a very interesting result is that these violations of the
\virialized halo" conditions (i-ii) do not destroy the poly-
tropic relationship itself predicted by the virial theorem,
but only change the values of the parameters.
Finally, in (Domnguez, 2000) I propose the following












It is derived from a simple estimate of the dierence u

 u
in the denition of , Eq. (1), and the scale L is assumed
to be well in the nonlinear regime. In fact, if the smoothing














obviously, the plots in Fig. 2 do not look at all like this
prediction. This has an easy explanation:  is essentially
an \extensive" quantity which probes the scales smaller
than the smoothing length L. Thus, when L belongs to
the linear regime,  must be rather given by a dominant
correction to the estimate (8) from the small scales, since
the linear scales carry comparatively too little peculiar
kinetic energy. Comparison with the results for nonlinear





the interaction between neighbor cells is inherent to the
derivation of Eq. (8), one maywonder that it could provide
the explanation of the nonvanishing anomalous dimension
for small L.
In conclusion, N-body simulations have provided ev-
idence for a polytropic relationship between the coarse-
grained mass density and peculiar kinetic energy elds.
I have introduced the anomalous dimension  as a sim-
ple measure of the (scale and time dependent) depar-
tures from a \virialized halo" state. It was found that, for
smoothing lengths well in the nonlinear regime,  is sig-
nicantly smaller than zero. There still remains the task
of theoretically explaining this polytropic dependence and
the precise values of the anomalous dimension as a func-
tion of time and scale.
Appendix A: The anisotropy parameters  and 
In this Appendix I derive some properties of the
anisotropy parameters dened in Eqs. (4). The non-
negativity of the eigenvalues, 
i
 0, implies the bounds
0  ;   1. In fact, I
i
 0 yields immediately that ,
  1. On the other hand, for any triplet of non-negative





































and the equality is satised if and only if all three numbers
are equal. Combining these inequalities with the deni-
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tions (3-4), it is found that  and  must be non-negative,
and they are zero if and only if the tensor  is isotropic.









, so that the coeÆcients Æ
i




































ity   3 holds.





5=(3n) with a large scatter, for the reason discussed to-
wards the end of Sec. 3 (h  i
n
refers to the binning pro-
cedure detailed in that Sec.). Nevertheless, this result is re-
liable because the 1=n dependence can be easily explained:
 for a coarsening cell containing n particles is the sum of
n independent random variables. Hence, for not too small
n, the average hi
n
will be isotropic and extensive, with
the scaling I
1
 n, while uctuations around isotropy
will scale like Æ 
p
n. Expression (A.2) then yields that
  1=n.
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